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FROM TOPOLOGICAL STRINGS TO MINIMAL MODELS 


OMAR FODA A AND JIAN-FENG WU B ' c 


Abstract. We glue four refined topological vertices to obtain the building block of 5D 
11(2) quiver instanton partition functions. We take the 4D limit of the result to obtain the 
building block of 4D instanton partition functions which, using the AGT correspondence, 
are identified with Virasoro conformal blocks. 

We show that there is a choice of the parameters of the topological vertices that we 
start with, as well as the parameters and the intermediate states involved in the gluing 
procedure, such that we obtain Virasoro minimal model conformal blocks. 


1. Introduction 

We plan to start from the refined topological vertex and obtain Virasoro A-series minimal 
model conformal blocks times Heisenberg factors. 

1.1. Background and basic concepts. 

1.1.1. Topological strings. Perturbative string theory, seen from a world-sheet point of 
view, is a 2D conformal field theory, coupled to 2D gravity, on Riemann surfaces. If 
the 2D conformal field theory is topological, in the sense that the correlation functions 
are independent of the metrics on the Riemann surfaces, the resulting string theory 
is topological. For an introduction, we refer to (T|, and references therein. There are 
two constructions of topological string theories, the A-model and the B-model. For the 
purposes of this note, it suffices to say that we work are in the context of the A-model, 
and that the target space, that the strings propagate in, is R 1,3 X X, where A is a toric 
Calabi-Yau complex 3-manifold. For suitable choices of X, topological strings are non¬ 
trivial but tractable, and one can compute their partition functions. For further details, 
we refer to the reviews H2J. [3l, and references therein. 

1.1.2. From topological strings to 5D gauge theories. Topological string partition functions 
are interesting in themselves, and for yet another, an apriori unexpected reason. Namely, 
for suitable choices of the Calabi-Yau manifold X, one can compute the topological string 
partition function Z top , and moreover, identify the result with the instanton partition 
function Z^ tnnton of a corresponding 5D N = 2 supersymmetric quiver gauge theory, 
thereby ‘geometrically-engineering' the latter theory 015). 

1.1.3. Refined partition functions. A 5D instanton partition function depends, in general, 
on two deformation parameters, £\ and e 2 . For + £2 = 0, the instanton partition 
function is unrefined. For £\ + £2 ± 0, the instanton partition function is refined. Given 
the identification of 5D instanton partition function and topological strings, the latter 
also depend, in general on the deformation parameters, e\ and £ 2 - For £\ + £2 = 0, the 
topological string partition function is unrefined. For £\ + £2 + 0, the instanton partition 
function is refined. 
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1.1.4. The refined topological vertex. To compute topological string partition functions, 
one splits the full partition function into basic building blocks, computes the contri¬ 
bution of each building block, then combines the contributions to obtain the required 
result. In the unrefined case, £\ + £2 - 0, this was achieved in |6j. In this case, the 
building blocks are copies of the original, unrefined 'topological vertex’ introduced in [6jl. 
In the refined case, e\ + £2 ± 0, this was achieved in 013 O In this case, the building 
blocks are copies of the 'refined topological vertex' f7j 8.’9]- 

1.1.5. From 5D to 4D gauge theories. A 5D quiver gauge theory instanton partition func¬ 
tion, 21 5D . , , depends on the radius R of a space-like circle. In the limit R —» 0, 21 5D , . 
reduces to a corresponding 4D instanton partition function Z^ tanton IflOl111 . 91 1121 H3lfl4| . 
The deformation parameters £\ and £2 of the 5D theory are inherited by the 4D theory. 

1.1.6. From 4D gauge theories to generic 2D conformal field theories. The 4D instanton par¬ 
tition functions 21 4D , , are identified via the AGT correspondence with 2D Virasoro 
generic conformal blocks times Heisenberg factors, IB8 en ' 14 Ifl5ll . In its original formu¬ 
lation, the AGT correspondence applies only to generic, that is non-minimal conformal 
field theories. From 4D instanton partition functions with £\ + £2 = 0, one obtains con¬ 
formal blocks of the conformal field theory of a Gaussian free field at the free fermion 
point. From 4D instanton partition functions with £\ + £2 + 0, one obtains conformal 
blocks of non-Gaussian, but also non-minimal conformal field theories. 

1.1.7. From generic conformal field theories to minimal models. One can choose the param¬ 
eters that appear in 21 4D , . , and restrict the states that are allowed as intermediate 
states, in such a wav that one obtains restricted 4D instanton partition functions 21 4D ,' m !” 
that can be identified with conformal blocks in Virasoro /I-series minimal models times 
Heisenberg factors fl6l fl7 |. In particular, as we will show in the sequel, choosing 
£\ - - \fpTjy, and £2 - \]p' !p, where p and p' are two co-prime positive integers, 
0 < p < p', one obtains conformal blocks in a minimal model parameterised by p and p'. 

1.2. Plan of this work. From the above chain of connections, it is expected that one can 
start from ^ re J t0 P / choose the parameters and restrict the intermediate states to obtain 
5D instanton partition functions 21 5D ! m l m , reduce to the corresponding -Z 4D .' m , m , and 
compute minimal model conformal blocks from the latter. In this note, we work out 
the above chain of connections, which amounts to extending the result of Ifl6l H7I by 
starting from topological strings and topological vertices rather than from 4D instanton 
partition functions. We glue four refined topological vertices to obtain the building 
block of the 5D instanton partition functions, and take the 4D limit of the latter to obtain 
the building block of the 4D instanton partition functions 2! 4 ^ jldjng hlock - From that point 
on, we use the results of fl6H l7l to obtain conformal blocks in minimal models. 

Since Z^ ming block , which can be regarded as the starting point of the results in Ifl6l[l7l , 
is constructed here from refined topological vertices, the construction in this note is, in 
this sense, more basic than that in lfl6llT7ll . 

The Virasoro /\-series minimal conformal blocks that we obtain can be computed 
using other methods, but we view this note as an accessible introduction to one more 
approach to the minimal conformal blocks that, hopefully, can be extended to minimal 
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blocks beyond what can currently be computed, including the Wjy minimal blocks that 
do not satisfy the conditions of [ 1_8. 19 ]Q. 

1.3. Outline of contents. To simplify the presentation, we divide the content into short 
sections. In|2[ we recall basic definitions related to Young diagrams and Schur functions, 
followed by the definition of the refined topological vertex C\^ v [q, f] of Iqbal, Kozcaz 
and Vafa |9], where A, p, and v are Young diagrams, t] and t are parameters. In |3] we 
glue four copies of C,\ f] to build a If (2) basic web partition function IVvwAt'// f,R], 

where each of V and W is a pair of Young diagrams, and A = {Ai, Am, A2} are Kahler 
parameters. In|H weseftj = e Rtl , t = e ~ Rei , where £\ and £2 are Nekrasov's regularisation 
parameters, then take the limit R —> 0, to obtain TVv w A [<h, £ 2 , R —> 0]. In [5j we recall 
the definition of the normalised contribution of the bifundamental hypermultiplet, 

^building.block to Stanton In @ we com P are the numerators of and Z^ MingMock ' 

and identify the Kahler parameters with gauge theory parameters. In[3 we compare the 
denominators of IV""™. and ,, and show that there is a normalisation such 

that the two denominators agree, without changing the results of the computations of 
the instanton partition functions. In[8j we recall the choice of parameters that allows 
us to use Z, 4D ,j■ ,, , to build 4D instanton partition functions that can be identified 
with Virasoro A-series minimal model conformal blocks times Heisenberg factors. In 
m we identify the parameters of ’^k'yvvA and of Z 4 ^ ilding bhck - In [TOj we outline a proof, 
following Ifl7l . of the statement that we need to impose Burge conditions on the partition 
pairs that appear in our constructions, to make the topological string partition functions 
free of non-physical singularities, once we choose the parameters to coincide with those 
of the minimal model. Sectional] includes comments and remarks. 

Abbreviations and notation. We focus on 1/(2) quiver gauge theories, and simply 
say 'the instanton partition functions'. We assume that every conformal block, whether 
Liouville or minimal, includes a factor from a field theory of a free boson on a line, 
and omit 'times Heisenberg factors'. The normalised contribution of the bifundamental 
hypermultiplet is understood as the building block of the instanton partition function, 
as all other contributions can be obtained from it. We simply say 'the bifundamental 
partition function'. 

Topological string-related notation. CA^vlq, t] is the refined topological vertex. TT'vwaD// 
t, R] is a basic web refined topological string partition function. V and W are two pairs 
of Young diagrams. A is a set of three Kahler parameters, c] and t are deformation 
parameters. R is the radius of a space-like circle 0. £ re f t0 P is the topological string 
partition function. 

Gauge theory-related notation. Z.f® tanton is the 5D U(2) quiver gauge theory instanton 
partition functions. t is the 4D 1/(2) quiver gauge theory instanton partition 

functions. Z 4I> ,, ,, , is the normalised contribution of the bifundamental hypermul- 

builaing.block J r 

tiplet. The parameters e\ and £2 are deformation parameters. 

1 Expressions for the 3-point functions of W N Toda theory were proposed, starting from topological 
strings, in m, and checked in El. These results should be useful in subsequent studies of W N minimal 
models. 

2 The 5D 1/(2) quiver theories in this note live on D5-branes in time-like x°, and space-like a' 1 ,* 2 ,* 3 ,* 5 

and x 6 dimensions. Following (22l . we take X s to be a circle of radius R, ft in |[22l . such that setting R —> 0 
is equivalent to taking the 4D limit. For a complete discussion, we refer to ||22| . 
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Figure 2.1. The Young diagram Y of 5 + 4 + 2. The rows are numbered from 
top to bottom. The columns are numbered from left to right. The checkmarked 
cell has A = 2, A + = |, A ++ = 3, L = 1, etc. 


Conformal field theory-related notation. tB gen, ' 1 ~ l are 2D Virasoro generic conformal blocks 
times Heisenberg factors. S gen,min are 2D Virasoro A-series minimal model conformal 
blocks times Heisenberg factors. The parameters p and p' are coprime positive integers 
that label a Virasoro minimal model. The parameters r and s are integers that satisfy 
0<r<p,0<s<p' and label Virasoro minimal model highest weight representations. 

2. The refined topological vertex 

We recall basic definitions related to Young diagrams arid Schur functions, followed by the 
definition of the refined topological vertex. 

2.1. Partitions and Young diagrams. 

2.1.1. Partitions. A partition 7i of a non-negative integer |7i| is a set of non-negative 
integers {ni, U2, ••• , rip}, where p is the number of parts. tt; > 7i,+i, and Y? i=1 tci = |tz|. 

2.1.2. Young diagrams. A partition n is represented as a Young diagram Y, as in Figure 
12.11 which is a set of p rows [y\, yi, • ■ ■ , yf\, such that row-/ has y, = n, cells 0, }h > }/,+ 1 , 
and Y,i Vi = |Y| = |tz|. We use Y T for the transpose of Y. 

2.1.3. Cells. We use □ for a cell, or a square in the south-east quadrant of the plane, and 
refer to the coordinates of □ as {r, c}. If □ is inside a Young diagram Y, then r is the 
Y-row-number, counted from top to bottom, and c is the Y-column-number, counted 
from left to right, that □ lies in. If □ is outside Y, we still regard r as a Y-row-number, 
albeit the length of this row is zero, and we still regard c as a Y-column-number, albeit 
the length of this column is zero. 

2.1.4. Arms and legs, half-extended and extended. Consider a cell □ that has coordinates 
{r, c}. We define the lengths of the arm A n y , half-extended arm /V y , extended arm /V+, 
the leg L q y , half-extended leg /V , extended leg L+ y , of □ with respect to the Young 
diagram Y, to be 


□,Y 

= J/r - c. 

□ + 

- A d,Y + 2' 

A 
□ + 

+ + 

II 

Y 

= Vi ~ V 

L+ a,y 

T 1 
- ^n,Y + 2 ' 

II 

+ 

+ □ 


( 2 . 1 ) 

( 2 . 2 ) 

2.1.5. Remark. A n y and L n y can be negative when □ lies outside Y. 


We use y, for i-th row as well as for the number of cells in that row. 
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Figure 2.2. A -partition pair {p,v}. p is on the left , v is on the right. The 
checkmarked cell at coordinates (2,4), in the lower right quadrant of the plane, 
is in p, but not in v, and has = 0 , A+ = A+ + = 1 , L„ = 0 , IT = 

L+ + = 1, as well as A v = -3, etc. and L v = -1, etc. 

2.1.6. Partition pairs. A partition pair Y is a set of two Young diagrams, {Y 1 , Y 2 }, as in 
Figure I2l2l where |Y| = (Y 1 ! + |Y 2 | is the total number of cells in Y. 

2.1.7. Sum of row-lengths and squares ofrozv-lengths. Given a Young diagram Y, with rows 
of length y\> yi> ■■■, we define 

(2.3) |Y| = £i//, II Y 11= ^ yf 

i= 1 i= 1 

where the sum is over all parts of Y0. Further, to simplify the equations, we define 

p-4) = imr=l£Y 

i =1 i=l 

2.1.8. Sequences. Given the sequence of row-lengths A = {Ai, A 2 , • • •}, the sequence of 
half-integers p = {— 5 , —• ■ •}, and two variables x and y, we define the 'exponentiated' 
sequences 

(2.5) 

x~ A = {x~ Al ,x~ A2 ,-■ ■}, y~ p = {y 2 ,yi,-• •}, x~ A y~ p = {x~ Al y ^,x~ A2 y ■ ■ ■}, 

2.1.9. A function of the arm-lengths and the leg-lengths. Given a Young diagram A, we 
define the function 


( 2 . 6 ) 


Z,\[q,t\ = 


□eA 1 


(?) 


A+ T + 

q t a,A 


) ( 


7 A o,A t L n,A ^ 


2.1.10. Remark. The expression in the middle of Equation 12.61 corresponds to splitting 
the cell □ at the corner of a hook in the partition A into two halves, then attaching 
one half to the arm of that hook to form a half-extended arm of length A+ , = A q l + 
and attaching the other half to the leg of that hook to form a half-extended leg of length 
IT A = L d , + 2. The expression on the right corresponds to attaching the cell □ at the 
corner of a hook to the arm of that hook to form an extended arm of length /l IT, = A n l + 1 . 
The length of the leg of that hook remains L q ,. 


4 In |9), Iqbal et at. use || Y || 2 = Y,=i yf We define || Y ||= Y,=i yf to simplify the notation. This is 
consistent with other notation and should cause no confusion. 
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2.2. Schur and skew-Schur functions. Given an n- row Young diagram A, with parts 
Ai > A 2 > ■ • ■, and a set of n variables {x\,X 2 , ■ ■ • ,x n ), the Schur function s A [x] is defined 
as 


(2.7) 


saM = 


det (x Ai+n 

V ’ ) 

( Xi - Xj) 


n 


1 


The skew-Schur function s A /^[x] is defined as 

(2.8) s A/fJ [x] = X<,s A [x] 


V 


where c'\, are Littlewood-Richardson coefficients defined by 
(2.9) s f , s v = ^ c* v s A 

A 


2.3. Topological vertices. Our story starts from A-model closed topological string the¬ 
ory on non-compact Calabi-Yau threefolds. We cannot afford to review this vast subject 
and refer the reader to excellent available introduction, including |2}[3l. 

2.3.1. The topological vertex of Aganagic et al. In (6j, Aganagic, Klemm, Marino and Vafa 
introduced a systematic procedure to calculate A-model topological string partition 
functions on resolved conifolds. The main ingredient of this procedure is the topological 
vertex, which has a combinatorial representation in terms of plane partitions with three 
boundaries specified by three Young diagrams, and can be schematically represented as 
a trivalent vertex, with bonds labelled by Young diagrams, as in Figure 1231 For details, 
we refer to j6|. 


2.3.2. The refined topological vertex. In |9j|, Iqbal, Kozcaz and Vafa defined the refined 
topological vertex, up to simple re-arrangements 0, as 


(2.10) C Aflv [q,t] = 


q (iai'-h+mi'+imi') 1 (-w'+if/r-iifjTir) Zv [q,t] 



W<r v f _p ] 


Note that the refined vertex is not manifestly cyclically-symmetric, in the sense that 
the partitions that label the external legs do not appear on equal footing. In particular, 
the partition v is distinguished from the other two. The external leg labelled by v is 
referred to as ' preferred'. The original, unrefined topological vertex of Aganagic et al. is 
recovered by setting q = t. 


2.3.3. On framing vectors and framing factors. In defining the refined topological vertex, 
one labels each of the three boundaries of a vertex by a framing vector that indicates a 
possible twisting of the boundary. On gluing two vertices along a common boundary, 
there is in general a framing factor that accounts for a possible mismatch in the orienta¬ 
tions of the relevant framing vectors. In this note, we glue vertices such that we do not 
require framing factors. 


^ We use C and Zy [q, t], while Iqbal et al. use CAiivlhq]* an d Z fl [t,q], 
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Figure 2.3. The topological vertex C\u V [q, f] is trivalent and depends on two 
parameters q and t. The segments are labelled by three partitions A, p and v, 
such that A is assigned to the vertical segment, p is assigned to the segment 
that follows in a clockwise direction, and v to the segment that follows. The 
'preferred leg' is labelled by v. 

3. A 5D U( 2) basic web partition function 

We glue four copies of the refined topological vertex to obtain a 5D basic web that can be used 
as a building block ofU(2 ) topological string partition functions. 

3.1. Geometric engineering. Following DUEL we write the normalised Ll(2) basic web 
partition function as 


(3.1) 


iv” A [ ? ,a] 


^VWA^ */K] 
00a[<J; 1/ K \ 


where 0 is the trivial, or empty partition with no cells. The numerator is 


(3.2) TV v w a[< h t, R] = Yj (-Qi) " ll (-Qm) " Ml (-Q 2 ) " 2l 

x v 1 \.q> t] Cg^^yiiq, f] C 0 q W 2 T [t,q] 

where we use 


(3.3) 


Qi 


,-RA, 


i = 1, m, 2 


and the denominator 'W 00 \[q,t,R\ is identical to the numerator 'TF'vwaI/7 / t,R] but 
with all external partition pairs empty. 

As shown in Figure [3d] the basic web has two external horizontal legs coming in from 
the left, two external horizontal legs going out to the right, and a pair of vertical legs, one 
going up and one down. The horizontal external legs on the left are assigned partitions 
{V 1 , V 2 }, the horizontal external legs on the right are assigned partitions (IA/ 1 , W 2 }. The 
internal lines are assigned parameters Q\, Qm and Q 2 , and partitions £ 1 , Em and Ei, 
from top to bottom. The vertical external legs are assigned empty partitions. 

Each trivalent vertex corresponds to a refined topological vertex Ca^v O ur con¬ 
vention is such that each vertex has one vertical leg, we associate A to that vertical 
leg, regardless of whether it is internal or external, pointing upwards or downwards, 
then p and v to the remaining two legs, encountered sequentially as we start from the 






0 



Figure 3.1. The 11(2) basic web diagram. Each external line is labeled by a 
partition. Each internal line is labeled by a partition and a Kohler parameter. 

This basic web can be glued to form topological partition functions. The preferred 
legs are all external, and labelled by the partitions V 1 , V 2 , W 1 and W 2 . 

vertical leg and move around the vertex clockwise. Using Equation 12.101 we re-write 
the numerator in Equation l3.2l as 


(3.4) W VWA fo,f/K] 

q t ( I|,v ""' + " k!t "') Z„, [q, t] Z w „ [t .,] Zf] Z K , T [f, q] 

161 jq) (M-lnr) 


X 


£ (-Qi) 14,1 (-Cm) KmI (-&) ,&l (f) 


■El /{][/[' ^2/1fl'V2 


XS{, Iq-tt - r ' T l S{;/ „ [ q~ w ' rn S{ y„ lq-K r" 1 '] 

x S£«/® [<r v: t- p ] H.im lq- f f " v ' T l sq [<T w2 f- p ] 

where we used the fact that for an empty partition 0, the skew partition 0/p exists only 
for ?] = 0, the sum over // trivialises, and the skew Schur function s 0 / r) = s 0 = 1. 

3.1.1. Two skew Schur function identities. To evaluate the sums in Equation 13.41 for w num , 
we need the two identities @ 


(3-5) s A/rji M ®A/r ]2 [l/] 

A 

(3.6) Yj SA/ijiMSAT/Tfety] 

A 


6 Exercise 26 , page 93 of 1231 . 


]^[ (l **2/;) y. s m/r[y] s t) 2 /tM 
hi T 

H ( 1+X ^/) y S^T/TT[y]S,T/ T [x] 

U T 












as well as the property that 


(3.7) Q lAHTll SA/ ri [x] = s A / ri [Qx] 

which follows from the definition of the skew Schur function. 

3.1.2. The basic web in product form. We evaluate the sums over the right hand side of 
Equation 13.41 using p, = -i + 

3.1.3. The sums over and £, 2 - 

(3.8) £ (-Qi) '- 1 ' s^[ q -Pr vll ]s q „ h [ q - wl t~P] 

fl 

OQ 1 

- n 1 -Q.r w ‘ +f -j e v r«-A s , ; [- ei ,- 

hj =i V 

(3.9) ^ {-Q2) M s^ 2/ri M~ p r v2T ]s C2 [ q - w2 t-P] 

& 

oo 

=n (i-Q2^ w ' +H r y / T+, -5) Srj T[-Q 2(? - w2 f p ] 

hj= i 

3.1.4. The sum over £m- We re-write this in terms of a sum over a new set of partition t, 

(3.10) £ (-Qm) KmH '"' r w '' , ]s (Mlv [q- VI t~P] 

= n [^-QMq- v ^t- w i r+i - l )Y ^iiA^rnsrji/A-QMq-Pt-™ 11 ] 

hi T 

3.1.5. The sums over and r/ 2 . 

(3.11) £ (f) " N (-Qm) N s,T[-QifPl- lT ] S ,T /lT r^-P] 

= n (l - Qi Quq- V ' +hl r V i T+i ) 1 s tT [Q! Qm 9 H r 'm 

hi 

( 3 . 12 ) X(y) M s 7? T[-Q 2 r W2 f p ]s r ,T /T [-QMr p ^ WlT ] 


10 


3.1.6. The sum over t. We finally evaluate the sum over the partitions that were intro¬ 
duced in an intermediate step above, 

(3.13) 

sA-Qiq- w ? = Yl 

hi 

to obtain 


L 


7 +i- 


1 -QiQ M Q2ci~ W ' +h ~ 2 t ’ 


(3.14) , W VWA [q,t / R] = 

? (llv 1 r+llv 2 ll , )f(llw 1 T||'+||w 2 T||') Zvrl [ 9 /f ]Z wlT [ f/ 9 ]Z va [ 9 / f]Z w 2 T [f /9 ] 


X 


oo 

n t'-Q" 


-whi-h r v l J+l ~* 


*,/=! 


OO 

n (!-Q2? 

w=i 




i/=i 
x 


xn h-QMC,- V ^-ir n r+‘-i) n [l-Q l Q M Q2q- W '*’-ir V l*‘~ i ) 

i'h 1 v 

.. _1 oo - 

n 1-Qi QMr v ‘ +H r v :’ tl j ft (i-QMQ2r K ‘ + '>- K ' ,+M ) 


-1 


U =1 U =1 

Note that regarding the right hand side of Equation l3.14l as a rational function, the initial 
four products are in the numerator, while the latter two are in the denominator. 


3.1.7. Normalised products. Given two partitions, V with parts Vj, i = 1,2,•••, and W 
with parts w u i = 1,2, • • •, and two sequences of integers a% and fa, k = 1,2, • • •, we 
define 


(3.15) 


n 6 -q? 

U= 1 



1 - Qq~ Vi+a i t~ u ’j + P ‘' 
1 -Qq a ifai 


In this notation, the expression for *W in Equation 13.11 is identical to that 
for IVy wa[<J/ t,R], in Equation 13.41 up to replacing each product Yli,j by a normalised 

product Uij- 


3.1.8. From infinite to finite products. Using Equation l3.151 we have the following identi¬ 
ties [24l[8|0. Firstly, 


r 

OO 

Yl (l-Qq~ Wi+hl t~ v i +l ^ = (l-Qf^vfV) Yl (l-Qq^t 1 **) 
i,j= 1 neV ieW 

( 3 .i 6 ) = n t 1 t ~ Lm ' w ) n t 1 _ QcjAa,w fL ° ,+v ) 

■eW net/ 

Note that while the product on the left of Equation 13.161 is normalised in the sense of 
Equation l3.151 the remaining products are not. 


n 

For an excellent reference and compendium of relevant combinatorial identities, including proofs, see 
HJ. Equation l3.16l in this note follows from Equations 2.8-2.11 in j8j. 
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3.1.9. The 5D basic web in product form. Using the identities 13.161 in Equation 13.41 for the 
numerator, we write the normalised U( 2) basic web partition function in Equation 13.11 
as 


(3.17) 7 ,f,R] = q (" yl "' + " y2 "') t Ol wlT "' + 'l w2 

where, using Q 3 = QiQmQi, w num is 


W num [v, A/(? , f ,R] 
^den[V, A, , /, /\ ] 


a; num [V, W, A, < 7 , f,R] 


= [i-Qi^ Aq - w1 t L °’ v1 ^ ]^[ [l - Qiq Am ' vl f L -- wl j 

□el / 1 leW 1 

x E[ ( 1_ Q 2 ^ A °' w2f Ld ' 1 ' 2 ] [i - Qiq Am ' v2 f L -- w2 j 

□el / 2 isW 2 

x n (i-Qm.-V^-^ 2 ) Jl-Q m(? A o,w! f L o,r 2 J 

■eW 1 neV 2 


(3.18) X Yl (i-Q3 <f A °' w2 f“ L °' vl ) n [i - Q3q A+a - vl f L "- w2 ), 

□eV 1 ieW 2 

where we have used the second equality in Equation 13.161 to put the products in the 
above uniform form. The denominator w^ en is 


iv den [\, W, A, q, t, R] 


(3.19) 


= ^1 - q An - vl t L °- vl j _ ^ A «,wi f L B ,wi j 

□eV 1 kW 1 

X ]^[ [l “ q A ° y2 t L °- v2 j ]^[ |^1 — q A *w 2 t L * w2 j 
□eV 2 kW 2 

X Yl (i-QiQ M q~ A+ ^ 2 r L -y^ [] (i-QiQ M q A ° yl t L+ ^ 2 } 

neV 1 neV 2 

X Yl [l-Q M Q2q~ A '- w2 t~ L+ ^ [] [l-QmQiq^H 1 ^ 

■eW 1 «eW 2 


where the first four products on the right hand side of Equation 13.191 are due to the 
product Z v i[t,q]Z w i T [q,t]Z V 2 [t,q]Z W 2 T [q,t\ in Equation 13.41 w^ en is equal to the de¬ 
nominator TV 0 0 a [q, t, R] on the right hand side of Equation 13.11 


3.1.10. Remark. One can glue copies of the basic web partition function TVy w \[q, t, R] 
in several ways. In this note, we restrict our attention to gluing linearly or cyclically, to 
form linear or cyclic U( 2) quiver gauge theories, as described in paragraphs 17.0.11 and 
17.0.21 We do not, for example, glue basic webs to form a Hirzbruch surface. 


4. A 4D 11(2) BASIC WEB PARTITION FUNCTION 

We take the R—> 0 limit of the 5D basic web partition function to obtain its 4D analogue. 

4.1. Two parameters. We take the relationship between the parameters q and t of the 
refined vertex and the parameters £\ and £2 of the instanton partition function to be, 

q = e Re2 , t = e~ R£l 


(4.1) 
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where R, the radius of a space-like circle, plays the role of a deformation parameter. We 
write dVy’™ A [t'| ,£ 2 , R], then take the limit R —» 0. The prefactor on the left hand side of 
Equation 1333 tends to 1 in the limit R —> 0, and we obtain 


(4.2) 


W™[ei,e 2 ,R 


w num [V, W, A, e\,e 2 ,R -» 0] 
WrfeJV, W, A, £i,£2,R -> 0] 


where, using A 3 = Ai + Am + A 2 , we have 


(4.3) w num [V, W, A, e\, e 2 , R -> 0] 


and 



□eV 2 


■eW 2 


X 


(A M -A+ Wl e 2 + L+ y2 ei] (a m + A+ y2 e 2 - L+ wl ei] 

■eW 1 

El ( As + A n,W ^ 2 ~ L n,W ei ) El ( A3_A l,V ie2+L i,W 2e l) 


□eV 2 


neV 1 


■eW 2 


(4.4) ry de „[V, W, A, e lr e 2 , R -> 0] = 

El ( _A n,V £2 + L n,Vi ei ) EI (~ A n!v > £2 + L n,V^) 

□eV 1 neV 2 

x n ( _A -,wi e 2 +L iWi ei ) n (~\wi £ 2 +l Hwz £ 1 ) 

■eW 1 «eW 2 

x ]^[ (Ai + A m + A^ v2 £2 - L Q yl eij Y\ (Ai + Am - A^ yl e 2 + j 

neV 1 neV 2 

X n ( A 2 + Am + A u w2 e 2 - ]^[ (a 2 + A m - A+ + Wl e 2 + L a W2 e 1 ] 

■eW 1 «eW 2 

5. The building block of the 4D U( 2) quiver instanton partition function 

We recall the normalised contribution of the bifundamental hypermultiplet which acts as a 
building block of the instanton partition function. 

In the notation of Equation 6 and Section 2 of 1171 . the normalised bifundamental 

partition function ,, , is 

r building.block 

z num (a,V' \(i\b,W 
Zden (a,V' | b, W' 

where a = {a,-a], b = {b, -b\, a,b and p are linear combinations of £\ and e 2 , as will 
be explained in Section [8] below, and we use V' and W' for partition pairs that we will 
relate in Section[7]to the pairs that appear in the 4D basic web. We refer to IfTTll for brief 
explanations of the parameters that appear in h[ock - Defining 


(5.1) 


building, block 


(a,V'|p|b,W'j 
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1 

(5.2) a 0 = - [e-i + e 2 ) 
the numerator z num , as given in Equation 9 of fl7l . is 

(5.3) z num (a,V' | p | b,W') = 

j [ \[a - b - n + ao] + -L+ Wl ,e 2 ) ([fl - & - p + n 0 ] - A+ wl ,ei + L+ yl ,e 2 ) 

□eV 1 ' kW 1 ' 

x n ([-« + fc -fi + «o]+A+ y2 ,ei -b+ w2 ,e 2 ) Yl (i-a + b - p + ao] - A+ iVf2 ,ei + L+ y 2 ,e 2 ) 

neV 2 ' kW 2 ' 

X ]1 ([-«-&-^ + «o]+A+ v . 2 ,ei-L+ wl ,e 2 J || ([-a-fr-p + n 0 ]-A+ wl ,ei+L+ y 2 ,e 2 J 

□ey 2 ' leW 1 ' 

x n ([« + b - l l + «o] + - L n,w 2 ' e2 ) n ([ fl + b - l l + «o] - A+ w2 ,Ci + L iyi' 62 ) 

□ey 1 ' aeW 2 ' 

The denominator z^, as given in Equation 7 of fl7l . is 

(5.4) z*„ (a, V' | b, W') = (z"“ m (a, V' | 0 | a, V') z num (b, W' | 0 | b, W') ) * 

6 . Identification of TET 5 , 0 ,'?” and -3, 4D ,,. ,, ,. The numerators 

V W A building Mock 

Comparing Equation 14.31 and Equation 15.31 we find that if we set V u = V lJ , W 1 ' = 

W lJ , and multiply each factor by -1, which is possible since the number of factors is 
even by construction, we obtain 

(6.1) 



Znum 

( a ' 

ii 

F 

> 




n 

(1- 

-a + b + p 

- a 0 ] + A+ Wl e 2 

~ L n,y l61 ) II (t _fl + b + 

p - n 0 ] - yl e 2 + wl i 


□ey 1 



■eW 1 


X 

n 

{[a 


a o] + A d,W 2£2 _ 

L F 61 ) n 

- no] - A £ v 2 c 2 + b+ /W2 ^i] 


□ey 2 



■eW 2 

X 

n 

{[a 

+ b + [x - 

a o] + A n,W l£2 ~ 

L a rV 2 £ l) n ([fl + b + q- 

- no] - y2 e 2 + b+ wl ei j 


□ey 2 



■eW 1 


X 

n 

(i- 

-a - b + p 

~ «o] + A a,W 2£2 

~ l u,v ie 0 n ([-«- b+ 

q - a 0 ] - A + u yl e 2 + L+ ^ 


□ey 1 



■eW 2 



which leads to the identification 


( 6 . 2 ) 


Ai = -a + b + p - ato, A 2 = a - b + p - no. Am =-a- b- fx + a o 
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7. Identification of IV!™', and Z? d ,j- ,, ,. The denominators 

VWA building.block 

Using the identification of parameters obtained in Equation l6.2l in w den [V, W, A] and 
z dcn as given in Equations 14.41 and 15.41 it is clear that these two functions are not the 
same. However, what matters is not the denominator of s single factor, but the product 
of all denominators, as we explain below. 

The denominator w den [V, W, A] is a natural object, as we can see in the derivation in 
Section [3j On the other hand, the denominator z de n was obtained in Ifl7ll by taking the 
full denominator that appears in expressions for the 4D U(l) linear and cyclic quiver 
instanton partition functions and factoring that into denominators for the contributions 
of the bifundamental hypermultiplets. Such a factorisation is not unique and any 
factorisation is allowed for as long as the product of all factors is equal to the full 
denominator of the original expression. 

In this work, to identify r W AD and 2.'’building block' we nee ^ a factor T, such that the 
product of all normalisation factors that appear in a conformal block is equal to 1. 
Consider the abbreviations 


s 

s 

II 

u 


5^0,0 M — 1, 


neV‘ 


£\yij[ x \ ~ 

= Yl{ X -\wl e2 + L+ m!w^)' 

-£0,0 M = 1 / 


meWi 


( Hy,\A 

% 

w 

$ 

II 



In this notation, z den and w de n are 

(7.2) z den (a,V|0|b,w) = 

(£fyu [0] ‘Hyu [2 a] ^Hyu [-2 a] < H V 2 i [0] < H w n [0] 12 [2&] w u [—2b] ‘Hyp.i [0]) 5 

and 

(7.3) w den [\, W, A, ci ,e 2 ,R -» 0] = w den (a,V|b,W) = 

(-) |yl|+|y2|+|Wl|+|W2 ' £ V U [ 0 ] £ V 22[0] £lyl2[-20\ <H W 12 [2b] Jl W U [ 0 ] Jl W 22[0] 

Now consider the factor 


(7.4) 

and define 


r (a,V|b,W) 


z den [a, V | b, W] 
W dm [a, V | b, W] 


(7.5) 


J den 


T Z den - W den , £building.block ~ Z Zbuilding.block 


Z! .... ,, , is constructed such that 1. It has the same numerator as Z? l) , r ,, ,, which 

building.block building.block' 

is the same as that of when we choose the parameters as in Equation 16.21 and 

2 . It has the same denominator as also when we choose the parameters as in 

Equation 16.21 

Since the denominator of Z! .... ,, , is not manifestly the same as that of Zf l> ,,- ,, ,, 

building.block J building.block' 

we need to show that gluing copies of Z^ uMingblock to build a topological partition 
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function, leads to the same result obtained by gluing copies of the original £ buUding block 
‘T can be written in a simpler form as follows. 


(7.6) (r (a, V | b, w) ) 2 = F l f [a] F* ght [b] 

where 


(7.7) 

(7.8) 




F" S “[H 


= (“I 
- (d 


|V 1 |+|v r2 | f JTlyu[0] ^ly 22 [0]) [ 9i v n[2a\ 


v -Cv 11 [0] -Cv 22 [0] i v 12 [ - 2fl] 
|w 1 |+|w 2 | < H W 12 [- 2 b]) ( £ W 11 [0] £ W 22 [0] 


£( W 12 [2b] ) ( 3\yp.\ [0] J{yy22 [0] 


F n 8 ht and F le £ satisfy the obvious properties 


(7.9) F r J ght [x] = F l f[x\ = 1 
and 

(7.10) Ff U [x]F l ^ ft [x] = 1 

The physical objects that we are interested in are the conformal blocks which are 
constructed by gluing copies of £building.block ED- We need to show that gluing copies of 
£', .... ,. , leads to the same result, which will be the case if products of the normali- 

building.block ' r 

sation factors trivialise. This will follow directly from Equations l7.9l and 17.101 There are 
two cases to consider, the linear conformal block case and the cyclic conformal block 
case. 

7.0.1. Linear conformal blocks. Consider the linear conformal block obtained by gluing n 
Copies of £ bu ilding.block / that is £building.block.l / £ building.block.2/ ' ' ' / £building.block.n/ Sequentially. 
Using copies of £' buUing block > we obtain the same result as using copies of £buiiding.block 

up to a factor 


(7.11) [x 1 ]F;f'te]...F;y,[x„_ I ]F?"fc,] = 1 

7.0.2. Cyclic conformal blocks. 

(7.12) F 1 ^ [* 0 ]F;f [x 0 ] = 1 

We conclude that £' buildingMock leads to the same conformal blocks as £building.bbck- 

7.0.3. The denominator z' dm and the Burge conditions. In [161, 17], it was shown that for 
the choice of parameters that leads to Virasoro /I-series minimal conformal blocks, the 
denominator z den will contain non-physical zeros, unless we restrict the partition pairs, 
that £ bui ffl” g block depends on, to obey Burge conditions. These conditions were derived 
in Ifl7ll using z den rather than z' d . Using z' dm leads to the same conditions, since the 
product of all z' den is the same as the product of all z den that show up in the conformal 
block 0 . 

8 In Section[10] we outline the derivation of the Burge conditions from z', . 
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8. Restricted instanton partition functions for , H . The parameters 
We recall the choice of parameters such that ,, , reduces to 21 , 4D ,'! ra ”, ivhichisthe 

J r building.block building.block 

building block of Virasoro A-series minimal model conformal blocks times Heisenberg factors. 

8.1. AGT parameterisation of minimal models. A minimal model , based on a 
Virasoro algebra characterised by a central charge c PiP > < 1, that we parameterise 

as 


( 8 . 1 ) 


C p/ p' 


= 1-6 


' 

a pr p ' 



2 


ap f p' — 


’p' 2 

.V . 


where {p, p') are co-prime integers that satisfy 0 < p < p'. In the Coulomb gas approach 
to computing conformal blocks in minimal models with Cp iP > < 1 |25ll26ll . the screening 
charges {a+, a_}, and the background charge Oiback.ground, satisfy 


( 8 . 2 ) 


1 

cx+ — a V/ p', oi— — 

Up, p' 


^back.ground ~~ 2-CtQ, ^0 



The AGT parameterisation of is obtained by choosing 


(8.3) 

so that n_ 
{ei,e 2 }. 


£\ < 0 < e 2 , e\ - a-, e 2 - a+ 

< 0 < a+. Since we focus on W\ v,v ' , we work in terms of {a_, a+) instead of 


8.2. Two sets of charges in minimal models. We consider two types of charges that, 
in Coulomb gas terms, are expressed in terms of the screening charges { a +, a-}. 1. The 
charge a r/S of the highest weight \a rp ) of the irreducible highest weight representation 

r H, p f p , and 2. The charge p r ,s of the vertex operator O p that intertwines two highest 

weight ireducible representations and 7T^'f 2 . These charges are parameterised in 
terms of a+ and a_ as follows 


(8.4) 


r s 
~ 2 a+ ~ 2 a ~' 


r s 

Pr,s = ~2 a+ ~ 2 a - +a °' 1 - 1 


9. From gauge theory parameters to minimal model parameters 

We compare the parameters ofAV 40 and the parameters °f Z building block' 

We set 


(9.1) 

(9.2) 

(9.3) 



- (|) r fl € {1,2, ■ • ■ ,p - 1}, s« € {1,2,• • • ,p' - 1}, 

- [y] a -’ n 6 l 1 ' 2 '"' 'P -1 !' s b e {1,2,- ,p' ~ 1}, 
[y)«-+«°, Tp € {1,2, - • - ,p- 1}, Sp 6 {1,2, - - - ,p' - 11 
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9.1. The fusion rules. For completeness, let us mention the fusion rules. In the notation 


(9.4) nii = r,- - 1, n; = s,- - 1 

the fusion rules take the simple form 


(9.5) m a + m b + m.n = 0 mod 2, n a + n b + tin = 0 mod 2, 
where the triple {m a ,m b , m „} satisfies the triangular conditions 

(9.6) m a + m b > m fl , m b + m h , > m a , m^ + m a > m b 
with analogous conditions for the triple {n a ,n b , nf. 


10. Restricted instanton partition functions for MP'V'’ <H . The partition pairs 

We write the denominator w^ en \y, W, S.,e\,e^,g —> 0] as w [V, W, A,a+,a_], and, 
following Ifl7ll . zee check f/ze conditions required so that that it has no zeros. 

Using a+ and a_, let us write w^ en \S: W, A,ei,C 2 /^ —> 0] as Wd en \V, W, A, a+, a_], 
that is 


HU e „[V, W, A, a+,a_] 


( 10 . 1 ) 


_ n Ku “+ L n ,y ia -) n i A a!v 2 a+ L n,V l0i -) 
□eV 1 neV 2 

x n Kw^ + - l :,v«-) n (v a+ - L i> a -) 

■eW 1 aeW 2 

X H ( r ««+ + s fl«- +^n / V 2a + _L D/ yi a -) 

□el / 1 

x Y\ i r “ a++ Sa a ~ ~ A n,Vi a + +L ny 2(X -) 

neV 2 

x Yl ( n a+ +s b a ~+ \ W 2 a+ ~ ^ w i «- ) 

■eW 1 

X El ( Tb a+ +S b a ~~ a + + L ., W 2 a -) 

■eW 2 


where we have used 


(10.2) -2a = r a a+ + s a a-, r = 1,2, ■ ■ • , 

(10.3) -2b = rj ) a + + S{,a_ / s = l,2, ■■■ 

Consider the denominator WdenlV, W, A, a +,«_] in Equation ll0.ll on a product by 
product basis. We need to check the conditions under which any of these products has 
a zero, then find the restriction that are necessary and sufficient to remove these zeros. 
The reasoning that we use to obtain these conditions is the same as that in fl7l . There 
are eight products to consider. 
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10.1. The initial four products. In each of the initial four products, the product is over 
the cells inside a single diagram, thus the arm length A and the leg length L in each 
of these factors is non-negative. Since a_ < 0 < a+, and there is a term no > 0 in each 
factor, the minimal value of each of these factors is greater than zero. Thus there can 
be no zeros from these factors. To consider the remaining four factors, we require some 
preparation. 

10.2. Two zero-conditions. Following fTTl . we note that, since n_ < 0 < a+, any factor 
of the type that appears in Equation llO.ll has a zero when an equation of type 


(10.4) C+ a+ + C_ a- = 0, 

where C+, C_ 6 7L, is satisfied. Since p and p' are coprime, «_ and a+ are (Q, the 
condition in Equation 110.41 is equivalent to the two conditions 


(10.5) C+ = c p, C- = c p' 

are satisfied, where c is a proportionality constant that needs to be determined. 

10.3. From two zero-conditions to one zero-condition. Consider the two conditions 


( 10 . 6 ) 


-A n i =A'>0, L n . = L'> 0 


which are satisfied if i + j, □ £ Y ! , and □ € YK If □ is in row-R and column-c in Yf then 
the second condition in (110.6b implies that there is a cell E € Y 1 , strictly below □, with 
coordinates {r + L', c}, such that there are no cells strictly below m. Since there may, or 
may not, be cells to the right of E, tow-(r + L') in Y- j has length at least c. 


(W-7) vL > c 

From the definition of A n j, we write the first condition in (110.6b as —A n p = A' = c - y^, 

that is, c = A' + y^, and using (I10.7D . we obtain y^ +L , Y A' + y(,, which we choose to 
write as 


(ms) yL'-yi > A ' 

The condition in Equation ll0.8l is equivalent to the two conditions in Equation 110.61 

10.4. One non-zero condition. Consider a function f Y i y/, of a pair of Young diagrams 
Y' and Y i, i y /, such that f Y i yi = 0, if and only if (110.8b is satisfied. This implies that 
f Y i y, y 0, if and only ifY 1 and Y 1 satisfies the complementary condition 

(io.9) yLv-y* <A ' 

which we choose to write as 


y* - yLu 


>1 -A' 


( 10 . 10 ) 
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10.4.1. Remark. In the sequel, we refer to Equation 110.61 as 'zero-conditions', and to 
Equation[lOdO]as 'a non-zero-condition'. 

Next we consider the latter four products on the right hand side of Equation llO.il 

10.5. The first product. 

(10.11) Y[ [r a a++ s a a-+ A++ y2 a+- L n Vl a-] 

neV 1 

vanishes if any factor satisfies 

(10.12) (r a + A+ + y2 ) a+ + (s„ - L q yl ) a_ = 0 
which leads to the conditions 

(10.13) -A aV2 = r a + l + cp, L nVl =s a + cp' 

Since □ 6 V 1 , L n V i > 0. Given that s and p' are non-zero positive integers, the second 
equation in Equation 110.131 admits a solution only if c = 0,1, • • ■ The first equation in 
Equation[10d3]admits a solution if □ $. V 2 . 

10.5.1. From two zero-conditions to one non-zero-condition. Following paragraphs !10.3l and 
110.41 the two zero-conditions in dlO.131) are equivalent to one non-zero-condition, 

(10.14) v i- v Lh-ci? >~r~cp 

10.5.2. The stronger condition. Equation ll0.14l is the statement that to eliminate the zeros, 
we want V 2 - V^ +s , > -r - cp, where c = {0,1,•••) Since the row-lengths of a 
partition are by definition weakly decreasing, and c = { 0 , 1 , • • ■}, this is the case if 
V 2 - V^ +s > -r - cp, which is the case if V 2 - V^ +s > -r. Thus, we should set c = 0, and 
obtain 

(10.15) Vl - VP, s -r 

10.6. The second product. 

(10.16) Y\ [r a ct++ s a a- - A ayl a+ + L++ y2 ct -] 

neV 2 

vanishes if any factor satisfies 

(10.17) (r fl - A n yl ] a+ + (s fl + L+ + y2 ) a_ = 0 
which leads to the conditions 

(10.18) - A nyl = -r a + cp, L ny2 = - Sa -l + c p', 

Since □ € V 2 , L n V 2 > 0. Given that s a and p' are non-zero positive integers, the second 
equation in Equation 110.181 admits a solution only if c = 1, ■ • • The first equation in 
Equation ll0.18l admits a solution if □ V 1 . 
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10.6.1. From two zero-conditions to one non-zero-condition. Following paragraphs ll0.3l and 
110.41 the two zero-conditions in Equation ll0.18l are equivalent to one non-zero-condition, 

(10.19) +r a -cp 

10.6.2. The stronger condition. Equation (110.1911 is the statement that to eliminate the 

zeros, we want Vj - +cp , > 1 + r a -cp, where c = {1,2, • • •}. Since the row-lengths 

of a partition are by definition weakly decreasing, and c = (1,2, • • •}, this is the case if 

- l/ 2 ' R+ P , - ,s “- 1 > 1 + r a - cp. In turn, is the case if - V£ +p ,_ s > 1 + r a - p. Thus, 

we should set c = 1, to obtain 

(10-20) W - > 1 - (P - r.) 

10.7. The third product. 

( 10 . 21 ) Yl [ r ba++s b a-+A mW2 a + -L^ wl a-^ 

■eW 1 

vanishes if any factor satisfies 

(10.22) [r b + A u W2 ^ a+ + (s b - L+ + Wl ) a_ = 0 

which leads to the conditions 

(10.23) W 2 — r b + cp, — 1 -I - s b H- cp , 

10.7.1. The stronger condition. Using the same arguments as in subsections ll0.5l and ll0.6t 
are possible for c = 0,1,..., ■ e W 1 , ■ i W 2 , and we should choose c = 0 to obtain 

(10.24) 

10.8. The fourth product. 

(10.25) Y\ ( r ba++s b a--A++ wl a+ + L uw2 a- > j 

ueW 2 

vanishes if any factor satisfies 

(10.26) (u - A; + Wl ) a+ + (s fo + L mM2 ) a_ = 0, 
which leads to the conditions 

(10.27) - A a Wl = 1 - r b + cp, L u W2 = -s b + cp' 

10.8.1. The stronger condition. Using the same arguments as in subsections ll0.5l and ll0.61 
are possible for c = 1,2, • • •, □ e W 2 and □ i W 1 , and we should choose c = 0 to obtain 


( 10 . 28 ) 
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10.9. The Burge conditions. Equations 110.151 and 110.201 are conditions on the partition 
pair V on one side of ZbuildingMockr while Equations 110.241 and 110.281 are conditions on 
the partition pair W on the other side of Zbnilding.block ■ When copies of Zbuilding.block are 
glued to form conformal blocks, partition pairs on one side are identified with partition 
pairs on the other side. Thus each partition pair must satisfy all conditions. Elowever, 
these conditions are not independent as two of them are satisfied when the other two 
are satisfied. More specifically, following paragraphs ll0.3l and ll0.4l we can see that it is 
sufficient to enforce the two conditions in Equations 110.201 and 110.241 


(10.29) 


P R - flR+[p'-s]-l > 1 - (p ~ r) , 


v R - v R +s—l > 1 - r 


which we write in terms of a partition pair {q, v) that could be on either side of 
■^building.block- Partition pairs that satisfy the conditions in Equation [10129] first appeared 
in the work of W H Burge on Rogers-Ramanujan-type identities f27l . The appeared in 
earlier studies of Virasoro characters in 11281 l29l I30H and more recently in the context of 
the AGT correspondence in fl6lfl7|| . 


11. Comments and open questions 

Outline of result. We can generate conformal blocks of Virasoro A-series minimal models, 
labelled by the co-primes p and p', times a Heisenberg factor, as follows. 1. Start from 
the refined topological vertex of f9j defined in Equation 12.101 2. Glue four copies of the 
refined topological vertex to produce a 5D 11(2) basic web partition function, then take 
the R —» 0 limit, to obtain its 4D counterpart TEy ^ A as in Equations 13.171 13.181 13.191 3. 
Set the Kahler parameters A, and the deformation parameters q and t in 'Wy^ rA as in 
Equations 16.21 18.2118.31 and 18.41 and 4. require each of the partition pairs V and W to 
satisfy the Burge conditions in Equation llO.291 

The refined topological vertex of Awata and Kanno. We have used the refined topological 
vertex of Iqbal, Kozcaz and Vafa f9j, but could have equally well used that of Awata 
and Kanno IZUHl- The two vertices are equivalent as explained in l3ll . 

Layers. The topic discussed in this note is vast and consists of many layers. We could 
have started our discussion from M-theory and used the language of M5 branes, but 
we decided to stay away from this, in this short note. Instead, we started from A-model 
topological strings, which live in a corner of the M-theory. From the refined topological 
vertex and topological strings, we obtained the building block of the instanton partition 
function of a 5D quiver gauge theory. We could have used the K-theoretic version of 
the AGT correspondence to obtain the minimal model analogues of the (^-deformed 
Liouville conformal blocks discussed in ll32ll33llMll35ll36ll37ll . Instead, we skipped the 
(j-deformed blocks, took the 4D limit, and used the 4D version of AGT to obtain minimal 
model conformal blocks. The M-theoretic origins of the minimal conformal blocks and 
their ^-deformations should be topics of separate studies. 

Interpretation. Missing from this note is an interpretation of the minimal model param¬ 
eters in topological string or gauge theory terms. A complete interpretation will require 
working in M-theory terms which lies outside the scope of this work. In particular, 
missing is an interpretation of the Burge conditions in topological string or gauge the¬ 
ory terms. We conjecture that such interpretations require re-derivations of existing 
results in ways that allow ab initio for minimal model parameters. Current derivations 
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do not do that, and for that reason, one obtains results that are not well-defined upon 
substitution of minimal-model parameters and that require aposteriori restrictions as in 
mmE We plan to address this topic in future work. 

Postscript. Following the completion of work on this note, we became aware of the fact 
that U(N) versions of Equations 2.14 and 2.17 in this note, were obtained in Equation 
4.67 in ESQ, and in Equation 5.1 and subsequent equations in f38l FI 
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